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6.3 Legendre Transformations

Lagrangian of the system L =1L(q; G;t)
| . d oL  aL

Lagrange's equation o5 "aq. =0

Where momentum p; = aL(giC';“’t)

In Lagrangian to Hamiltonian transition variables changes from (g, g;,t) to (g, p, t),

where p Is related to g and g; by above equation.
This transformation process is known as Legendre transformation.

Consider a function of only two variable f (x, y)

df—afdx+afdy

df = udx + vdy




6.3 Legendre Transformations

If we wish to change the basis of description from x, y to a new set of variable y,u

Let g(y,u) be a function of u and y definedas g = f — ux (D
Therefore dg = df — xdu — udx

since df = udx + vdy

So dg = udx + vdy — xdu — udx

dg = vdy — xdu
And the quantities v and x are function of y and u respectively.

And dg = dy +- %9 du

5_ ou




6.3 Legendre Transformations

Equation | represent Legendre transformation. The Legendre transformation is
frequently used in thermodynamics as

dU = TdS — PdV for U(S, V)

And H=U-+PV H(S,P)
dH =TdS +VdP
And F=U-TS F(T,V)
G=H-TS G(T,P)
U= Internal energy T = Temperature S = Entropy P = Pressure
V = \olume H = Enthalpy F = Helmholtz Free Energy  G=Gibbs free energy




6.3 Legendre Transformations

The transformation of (g, g, t) to (g, p, t) is however different.

Since dL=S—2dq+g—gdq+%dt
oL d 0L .
d (0L oL  d oL
Therefore, E(%)_£_£ —£—O
L
aq_p
Therefore , dL = %dq + g—gdq + %dt

dL = pdq + pdq + 5" dt

And H=qgp—-L @




6.4 Lagrange’s Bracket

Lagrange brackets were introduced by Joseph Louis Lagrange in 1808-1810.
» Mathematical formulation of Classical Mechanics.

» The Lagrange bracket is not use in modern mechanics

» The Lagrange's bracket are defined as if u and v are functions depending on g;
Zand p; then

_ dq; dp;  dq; api) _ v 9(qipi)
w, U}q,p - Zl (au v  ov ou/ Zl d(u,v)

And invariant under canonical transformation.




6.4 Lagrange’s Bracket

Some properties

. {u, v}q,p = —{v, u}q,p

11. {qi»qj}q,p =0 = {Pi'Pj}q,p

111, {qi'pj}p,q — 5l]

. {u,v},, ={u,vigp

|

lLifi=j
0ifi+]

Lagrange's bracket are anti commutative

For identical function It Is zero

Equal to Kronecker delta function.

Invariance of Lagrange Bracket




6.4 Lagrange’s Bracket

Proof: (w, v}y, = —{v,ulg,

_ dq; Op; _ 0q; api)
{u' v}q’p - Zi (au dv Jv Jdu

: : da: 0p: 9a: 0D
Taking negative common  {u,v},, = — % (_ aff ail n a?;l az;l)

_ dq; Op;  0q; api)
{u' v}q’p - Zi(av u ou O0Ov

{ur v}q,p — —{U, u}q,p proved




6.4 Lagrange’s Bracket

Proof: {qi, qj}p,q =0 = {pi,pj}q’p For identical

function it 1s zero

{CI' q_} —y (GCIk Opr 04k apk)
U q,p ®\dq; dq; 9q; 9q;

Here p and g are treated as independent co-ordinates in phase space. So

Therefore {g;, q; }q , =0

similarly , we can show {pipi} =0




6.4 Lagrange’s Bracket

Lifi=i |
{ql',pj} = 0;j {0 i; i 7&;' Equal to Kronecker q)elta function.

9qr 3 a,/
{qi’pj}q’pzzk( qk 0Pk _ 9q pk)

dq; 0p; //Qﬁ} dq;

. . aqr /9

Since p, g are independent, we get 1k = ZPk —
dp;  0q;

dqk Opk
dq; Opj

Therefore {qi,pj}q,p =Y,
= {Qi:pj}q’p = Lk OkiOkj = Oij

Where 9;; is a Kronecker delta function

Lifi— i |
Hence {qip;} =6 { =] Equal to Kronecker delta function.

Oifi+#j «:E»



6.4 Lagrange’s Bracket

W, v}y, = {u,vigp Invariance of Lagrange Bracket

3(q;ip) _ w 9(Q;P))
Or Zi d(u,v) _Zj d(u,v)

Proof: Let q; and p; are function of ¢; and P;
_ dq; dp; 0q; Op;
W, Vigp = Zi(au v v 6u) ()

dp; 9Q; 4 9 OPj
an ov an ov

op;
And for p; = p;(Q;,P;) = a_izzf(

Using Maxwell’s equations

opi _ 09 o b _ _ 0P L -
— = = ——= utting in above equation
an dq; an dq; P g q
%_ (_anan anan) _ (anan_anan)_ .
v Z] dq; ov t dq; ov/ Z, dq; v dq; v/ i, U}Q'P (1) O@



6.4 Lagrange’s Bracket

. aq; _ dq; 0Qj . dq; OP;
And di = QL(Q]’P]) = ov Zj (an ov t dOP; Ov

Using Maxwell’s equations

dq; _ OP; 0q; 00 T :
— = _ utting 1n above eguation
an op; & an op; P J d

l

%_ (anan_anan)_ .
ov ZJ op; Ov dp; OV — {pu v}Q,P (l“)

. : i Op; 0q; Op;
Putting Egs (I1) &(IN) in Eq (1) {u,v}g, = 2 (?91 (Zy B ail; al;)

el = 34 (3 (L0 100 (1122
»Plqp T A\ gy dq; O0v dq; ov op; 0v dp; v/ du

OP; (0Q;dq; = 0Q;dp;\ 0Q; (0P;dq; = OP; dp;
{u;v}q,p=2i]’< ]( Qj CIL_I_ Qj pl)_ Q]( J CIL_I_ J pl))

dv \dq; du dp; ou dv \dq; ou dp; ou




6.4 Lagrange’s Bracket

oP; i(anaCIi_l_anapi) anZi(anaCIi_l_anapi))

u, v}gp = Zj(av 9q; ou | op; ou)  ov “i\aq, ou ' op; ou

_ anan_anan)
w, v}q'p - Zj ( ov ou ov du

_ anan_anan)
W, U}q,p - Zj ( ou Jv ou ov

u, v}, = U, vigp




6.5 Poisson’s Brackets

Poisson’s bracket:
» An important binary operation in Hamiltonian mechanics
» Play a central role in Hamilton's equations of motion.

» Distinguishes a class of coordinate transformations (canonical transformations)
» Very useful tool in quantum mechanics and field theory.

The Poisson bracket are defined as

ou Jv ou OJv
[w, v]gp= 2 (_ 39 30 _)

ou O0v ou OJv
Or [w, U]Q,P= Zi (aQi OP; B dP; aQi)

Where u, v are two functions, w.r. t the canonical variable (g, p) or (Q, P).

@



6.5 Poisson’s Brackets

Consider f is a function such that

f=7r(qp)
at = i at * Zig @
ﬂ - Zlaql it Zlapl
As we know that i = Z—I; and Di

Eq 1 can be written as d_fzz.[af OH _ of aH]

dt "1og;0p; 9p; 9q;

af
dr [f:H]q,p

Where [f, H] is called Poisson's Brackets.




6.5 Poisson’s Brackets

Generally uand v are two function their Poisson’s brackt is

.91 = 3t G 50~ v
Properties It is obvious from the definition of the Poisson brackets that
. |u,v]=—|v,ul Poisson bracket are anti-commutative
i |u,ul =0=|v,v] Poisson bracket of identical functions are zero.
i |u,c] =0 =|u,c] Where c is independent of p or g.

IV.

V.

vi. [90p;| =8y 0if i #]

u+v,w| = |u,w|+ |v,w| Poisson brackets obeys the distributive law

u,vw]| = u, vlw + vlu, w]

( . . .
1 = . :
Ji=] Where 6;¢ Is the Kronecker delta function.

(o)



6.5 Poisson’s Brackets

1)Skew symmetric OR anti commutative

(OR show that Poisson brackets do not obey commutative law)

du Jdv du Jdv
As we know that U,v,, =2 [ - ]
[, vlqp =116q;0p; op;aq;
Taking —ve sign out of the bracket
[u U] _ _vn | _Ouodv ou av]
PP =11 aq;0p;  9p;dq;
[ du Jv du Jdv
— _\yn —
[ vlgp = = 2ims l0p; 0q;  0q; api]
o _ [av du OJv au]
74P aq;9p;  9p; dg;
w,v]gp = —lv,ulg, proved




6.5 Poisson’s Brackets

For identical function

[u, u]q,p — _[v) v]q,p — 0

U] _ on [(’)u du du au]
- ap - “t=1pq;0p;  9p; 0q;

Similarly v, v]gp =0
Poisson brackets with a-constant

Let F be function of generalized g; and p; and C is any constant quality.

dF dC  9F aC
— \'n _
Then [F) Clap = 2i=a [6%‘ op;  Op; aQi]
ac  ac
Where 30 = p; 0 where ¢ does not depend on g; and p;.
l l

[F,Clgp =0 @



6.5 Poisson’s Brackets

Poisson Brackets obey the distributive law

Consider F;, F, and G are three functions dependently upon g; andp;.
(0(F+F,) 0G _ 0(F1+F,) aG]
dq;  Op; dp; 0q

" (OF 0F,\ 0G OF 0F,\ 0G
F F G 1 2) — ( 1 2) . ]
[( 1T 2) ] l—1 ] T op; op; T dpi/ 0q;

Then [((F, + F,),G] = X1,

1
OF; '9¢  OF, 9G 0F, 0G
+ = )—( = — +
1\dq; dp; 0q; apl op; 0q; 6pl;6qi |

(
G
(6 1 0G 6F1 OG) n (aFZ G  0F, GG)'
G
lap

[((F1 + F,),G] = Xi—4 - aG)-

Fi+F)G
[( 1 2) ] l 1 9q; 0p; apiaQi 2q; Op; dp; 0q;/ |

o263, 96)] | 5w [0f 96 _ 0f; 36]

(F + F), 6] =X,

Fi + F,,Glg, = [F1,G

Proved it obeys.



6.5 Poisson’s Brackets

Poisson's Brackets are linear

Consider If Fy. 5y, G(q,p,) and W, ) are three functions and a, b are constant, then
we here to show that

[aF + bG,W] = [aF, W] + [bG, W]
laF + bG, W] = al|F, W]+ b|G,W]
Let aF = F'and bG = G’
Then by distributive property we know that
aF + bG,W] =[F'+G',W],,
F'+ G, W]=[F' W]+ |G, W]
aF + bG,W] = [aF, W] + [bG, W]




6.5 Poisson’s Brackets

Now consider

d(aF) ow _ d(aF) oW

_ yn
laF, W] = lzl[ dq; Op; Op; 0q;

oF 6W_ oF oW
dq; dp; Op;0q;

aF, W] =a), [

aF, W]
Similarly bG, W |

al|F,W]
b |G, W]

Hence

laF + bG, W] = a|F,W] + b|G, W]




6.5 Poisson’s Brackets

Show that if u, v and w are functions dependent on (q;, p;), then show that
lu, vw] = [u, vlw + v[u, w]

du d(vw)  du d(vw)
A v i -
S [u W]qp i=1 dq; Op; dp; 0q;

[u, vw]qp * a—u(va—w+wav) ou (vaw+wﬂ)]

aq; opj opj dp; \ 0q; aq;
ap — 4i=1 [ \" 54, p; dp; 9q; dq; Op; dp; q;
- - ou dv ou Jdv ouow ou ow
n
U, VW|gp = iz W[—————]+v[—————
- a.p 2i=1 dq;0p; O0p;0q; dq; Op; 0p;0q;

w, vwly, o = wlu,v],, +v[u,wlg,




6.5 Poisson’s Brackets

Proved that %[F, G| = [%»G] t [F'%
Sol: [F,G]=XM~ [aa;aa_; - :_;aa_i
e P61 = 20 (50 30— 550
[F G] = Xiza _(;)t (jcl:i ngi) B ;t (jlfi jci-)]
SIF.Gl =3 [S2 (20) + 5 (3;) o :; aat (52) 7 &) 5a

0 _on J0F 0 (0G 0F 0 JdF\ 0G d (O0F\ 0G
P [Fr G] — Lj=1 . ] ] 2 o . .
at dq; 9t \0p; dp; Ot ach dqi/ Op; 0t \dp;/ 0q;




6.5 Poisson’s Brackets

i[F Gl == 37 [6F 9 (66)_6F ) ( )] . [ (aF)aG_ 9 (ap)ac;]
’ t=116q; ap; \ ot/ ap;dq; dq; \at/ ap; dp; \at/ dq;

= [R2] +[20]  oroeg

Assignment Show that

i |gi.q;] = |pipj] =0

.. 1 if i=j
1. [Qi:pj] = 0y {o if 1#]j
where o _ =0 %4 _ 0

aq op




6.5 Poisson’s Brackets

Show that Poisson’s brackets is invariant under canonical transformation
[F,Glyp, = [F,Glop

Proof: let F and G be two arbitrary function of g and p.Then

Z [aF dG  OF aG]
‘logq; 0p;  Op;daq;

[F; G]q,p —

Let the Transformation Q = Q(q,p) and P =P(q,p)
Inverse transformation g = q(Q, P) and p=p(0Q,P)
Therefore G=G(Q,P)

? ?
G = Zka_GaQK +Zka_lfkapk

9G 9Qi | 3G P 3G 90k 9G 0P
Then — = & — = -+ —
aql = Lk 0Qx 9q; aPk 9q; apl = 2k Lk -




6.5 Poisson’s Brackets

G 0 9G OP OF ( 3G 0 oG OP
:[F;G]qp Zlk ( Qk+ k)_ ( Qk+_ k)]
‘ dq; \0Qy Op; 0P} Op; op; \dQy dq; 0Py 0q;

G 0Qy OF ( 0G 0Qy OF ( 0G 0Py OF ( 0G 0Py
= |F,Glgp Zlk — + —
aql 0Qk 9Op; op; \0Qk 0q; dq; \OPy 0p; dp; \OPy 0q;

= |F,Glgp = 2k o¢ (Zi [aF o _ anD P, (Z [aF k= aPkD]

L0Qk dq; Op;  Op; 0q; dq; Op;  Op; 0q;
= [F,Glap = Tk |55~ [F, Qilap + 5 [F, Pelgy ()
Replacing F by Q; 0
= [0 Glap = Zic[5- [Quilap + 55~ [Qu Pelqy)
= [Q1,Glap = Zign-Sik = 5




6.5 Poisson’s Brackets

Now replacing G by F in previous equation

G,
= [QuF1 =5
9
Or = [F,Qulgp = —35 (n)
Similarly, replacing F by P; ineq (I) 0

= [Pi» G]q Zk[ [Pv Qk]qp aaG P; k]CI;P]

= [P, G]q,p — Zka_Qk [P;, Q]

0G
= [Pi) G]q,p — _Zka_Qk [Qk;Pi]




6.5 Poisson’s Brackets

G G .
= [Pi' G]q,p = _Zka_QkSiR = _a_Qk for i =k
G
Now replacing G by F, we get |F, P, ] = aa; (1)
k

Puttinga and b ineq 1

aG d0G OF d0G OF
= [F,Glgp = Sk |5 [F Qilgp + a—Pk[F»Pk]q,p] = 2k (_a_Qka_Pk_l_a_Pka_Qk)
- : J0F 0G 0F 0G
= 'F’ G'q’p - Zk (an 0Py, B 0Py, an) - [F’ G]P’Q

:q,p — [F; G]P,Q




6.5 Jacobi lIdentity

:u, v, W]] + [v, lw, u]] + [W, lu, v]] =0

Solution Since [u,v] = X4 dqr Op; 0Pk 9q
k ODk k Y4k

n (au ov ou av)

] ] ou 0 ou 0
w,v] =2kl )V

u, v] = D,v

0

— \'2n
Where D, = Y iy N°t§u o
For 1 t =22 =
, or on a; aaCIk agi agk
= )= . — For n+1 to 2n , = — & =
Similarly D, = 25" B, 3 ap =5 i

Now considering first two terms

[u, v, W]] + [v, [w, u]] = [u, v, W]] — [v, lu, W]] = |u,D,w]| — |v, D, W] @



6.5 Jacobi lIdentity

:>[u, v, W]] + [v, lw, u]] = |u,D,w]| - |v,D, w] = D,(D,w) — D,(D,w)

o [w, o, wl] + [, [w,u]] = 22" i 5 (2,2-" B; %w) = 35" B5e (ZF" aizpw)

e 3B ow 2y on o 9a; dw
:[U, lv, W]] + [U; [w, u]] = nal ,B] 51 5} + Z 28 6€j oF | — l?%afi - l? 'BJ ¢ AE;

2n 9B ow da; ow

s[w v wl] + o wul] = 25} ai 552 = 207 B 55 o,

o o, wl] + o, w,ul] = 577 (@, 222 - 5, 32) o

By using the property that sum is not effected if the indices are interchanged (dummy indices)

()



6.5 Jacobi Identity

= y2n (a.%_ﬁ. f”“f) ow _ n.(a.% _ B, a“f) 0w | son (a.%_ﬂ. a“f) ow
LI\ a¢; boag) 0¢; LINTY a¢; Lo/ a¢; LI=n+1\ ™ ¢, Lo/ a¢;

on( ., 9Pi  , 9aj\ow _ ow ow
= Zi,j (al aé—l ﬁl afl)agj T Zi (A] api T B] aqi)

. dp;j dp;j 0D
Replacingwby p; = X (4,52 + Bj520) = LiAj 52 = LiAidi; = 4

ov ou
= Aj = U, |- |v,.7—
dq; | aq;
v [ du d
= A; = (u,— +—-——,v]::-——[u,v]
aq]'_ aq]' aq]'




6.5 Jacobi Identity

Replacing w by g;

w [v.a;l] = [v [ a)l] =

=> B, =—|u
J _ 0191] [ " ap;
0 -
:>B] ——%_u,
i 7 i 1 ow 0 ow 0
= |u,|lv,w|| + |y, |w,ul|l = ———|Uu,v
u, [v,w]] + [v, [w,ul] = 3, [aplaqj o2 [,
= u [U,W]: + v [W,u]: = —[W lu, v
= :u, [v,w]: + :v, [W,u]: + [W, U, v ] =0




6.5 Poisson’s Brackets

Evaluate the following Poisson bracket and explain its physical meaning:

mr2g2, — 2+p‘:”+ Py +Vrl
[ 2(pr r ) ()r,0

r2sin?d

Find the value of @ € R for which the following transformation is canonical:

1
Q(p,q) =In (%);P(p. q) = —5qp"




We will need some partial derivatives to compute the PB of L, and L,




Let's do these one at a time...

It doesn’t look like we are winning, but what I am doing is breaking this down into
small enough parts that I can use my identities. For instance,

note that [py. x| = [p.,z] = 0. Finally,




Well, I guess we knew that. Let’s do [7_.

where | have dropped 2 terms since [q;, g | = 0 and I7{r) has no p; in L

Putting these together to find the PB of L- with I7,




